I "_o relre! j "=o ralre! This is equivalent to il (O (re > 0) .
In a letter to the author, J. Riordan has raised the question whether the w" can satisfy a recurrence of order independent of re. We shall show that the un cannot satisfy a recurrence order ¿, where k is independent of ra, with polynomial coefficients. More precisely we show that the assumption
where the A ¿in) are polynomials in re with complex coefficients and ¿, N are fixed, leads to a contradiction. Since it is no more difficult, we consider the following more general problem. Put ( -(-l)"x" | -1 = -to.f»x» _ I ¿Í reirO* + « + 1){ h n\T(v + re + 1) * This is equivalent to
We assume that p is not a negative integer; then it is clear that the w"(c) are uniquely determined by (3) or (4). Now assume that the wn(y) satisfy the recurrence where C(x) is a polynomial in x of degree ^ A. Repeated differentiation of (7) leads to an equation of the same kind in which the right member vanishes.
Comparison of (7) with (6) and so on. Making use of (10) we may replace (8) by a differential equation in/(x). For simplicity we shall assume m = 3; the method is however quite general. We find that
where Bj = Bj(x, v). Now, on the other hand, we have xf"ix) + iv+l)fix)+fix) = 0, so that *ro«o + 0'+2)/"(*)+/'(*>-o.
We may eliminate/"(x) and/'"(x) in ( is an algebraic function of x. However, since f(x) has infinitely many zeros, it follows that the logarithmic derivative f'(x)/f(x) has infinitely many poles and therefore cannot be an algebraic function.
We have proved the following Theorem. Let v be an arbitrary complex number not equal to a negative integer and define wn(v) by means of (3). Then 03n(v) cannot satisfy a recurrence Duke University
